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1Question 1 [19 marks]
(1.1) Consider a thin, flexible string of mass per unit length ρ and subject to a tension T . By considering
the net force acting on an element of the string, derive the wave equation governing its transverse motion
∂2y
∂t2
=
T
ρ
∂2y
∂x2
,
where the wave displacement at time t and position x is given by y(x, t). Important: Explain all steps
and symbols used, and make use of a diagram. [6 marks]
(1.2) Show that travelling waves of the form
y(x, t) = y(u),
where u = x− vt, may be solutions of the wave equation in question (1.1), and find the two values of v
that make them so. [5 marks]
(1.3) Show that the wave equation in question (1.1) has a sinusoidal wave solution of the form
y(x, t) = a0 cos(kx− ωt+ φ),
and find the relationship between the parameters v, k and ω which makes it so. [3 marks]
(1.4) Is the function y(x, t) = 3 ln(6x− 2t) a solution of the wave equation in question (1.1)? Prove your
answer mathematically, and find the possible value(s) for v from your proof. [5 marks]
Question 2 [20 marks]
(2.1) (a) Waves on the lowest (C) string on a correctly tuned cello propagate with a speed of 90 m/s.
If the string has a mass per unit length of 0.014 kg/m, calculate the tension the string must be subject
to. [1 mark]
(b) Waves on the highest (A) string of the cello in (a) must travel at about 3.4 times the speed of waves
on the C string. If the string tensions are approximately equal, calculate the diameter of the A string if
it is made of solid steel with a density of 7850 kg/m3. [3 marks]
(2.2) A transverse wave travelling along a string is described by the wave function:
y(x, t) = 0.120 sin(
pi
8
x+ 4pit),
where x and y are given in metres and t in seconds.
Calculate:
(a) the transverse acceleration at t = 0.2 s for an element of the string located at x = 1.6 m; [3 marks]
(b) the wavelength, the period and the speed of propagation of the wave. [3 marks]
(2.3) A transverse sinusoidal wave on a string has a period T = 25× 10−3 s and travels in the negative x
direction with a speed of 30.0 m/s. At t = 0, an element of the string at x = 0 has a transverse position
of 2.0 cm and is travelling downward with a speed of 2 m/s.
(a) Calculate the amplitude of the wave. [5 marks]
(b) Calculate the initial phase angle. [2 marks]
(c) Calculate the maximum transverse speed of an element of the string. [1 mark]
(d) Write down the wave function of the wave. [2 marks]
2Question 3 [11 marks]
(3.1) Show that the wave function for a standing wave given by
y(x, t) = 2A sin kx cosωt
(where A is a constant) is a solution of the linear wave equation
∂2y
∂x2
=
1
v2
∂2y
∂t2
where v is the speed of propagation of the wave. [4 marks]
(3.2) Two waves simultaneously present on a long string have a phase difference φ between them, so that
a standing wave formed from their combination is described by
y(x, t) = 2A sin
(
kx+
φ
2
)
cos
(
ωt− φ
2
)
.
(a) Despite the presence of the phase angle φ, show that the nodes are still one-half wavelength apart.
[4 marks]
(b) Show that the nodes are not different in any way from the way they would be if φ were zero. [3
marks]
Question 4 [21 marks]
The wave equation governing the transverse motion for a skipping rope is the following:
M
∂2y
∂t2
= W
∂2y
∂x2
− γ ∂y
∂t
,
where M is the linear mass density, W is the tension in the string, γ is a damping coefficient and y(x, t) is
the wave displacement at time t and position x. It can be shown that the following complex exponential
waveform
y(x, t) = a exp i(kx− ωt)
(where i is the imaginary unit and a is a constant) is a solution of the wave equation above, provided
that the following condition holds: k2W = ω2M + iγω.
(4.1) Assuming ω to be real and k to be complex, solve the equation k2W = ω2M + iγω for k and
calculate the expressions for the real and the imaginary part of k assuming that γ Mω. At the end of
this derivation show that the complex exponential waveform above can be re-written as
y(x, t) = a exp i(k0x− ωt) exp(−k0qx)
where k0 = ω
√
M
W
and q =
γ
2Mω
. [12 marks]
(4.2) Assuming ω to be complex and k to be real, solve the equation k2W = ω2M + iγω for ω and
calculate the expressions for the real and the imaginary part of ω assuming that γ  k√WM . At the
end of this derivation show that the complex exponential waveform above can be re-written as
y(x, t) = a exp i(kx− ω0t) exp(− γ
2M
t)
where ω0 = k
√
W
M
. [9 marks]
3Question 5 [9 marks]
The wave equation for shallow water gravity waves is
∂2h
∂t2
= gh0
∂2h
∂x2
where g is the acceleration of gravity, h0 is the water depth and h(x, t) is the water displacement at time
t and position x. Show that this wave equation allows for soliton-type solutions of the form
h(x, t) = 2α2 sech2[α(x− vt)]
(where α is a constant parameter, and v is the propagation speed of the wave), and derive the expression
for v as a function of g and h0.
Please note that: sechx =
1
coshx
;
d
dx
coshx = sinhx;
d
dx
sinhx = coshx.
Question 6 [10 marks]
The wave equation for capillary waves in shallow waters is
∂2h
∂t2
= −h0σ
ρ
∂4h
∂x4
where h0 is the water depth, σ is the surface tension, ρ is the density of water and h(x, t) is the water
displacement at time t and position x.
(6.1) Show that travelling waves of the form
h(x, t) = h(u)
where u = x − vt, are in general NOT solutions for the capillary wave equation above, and explain the
reason why it is so. [5 marks]
(6.2) Show that sinusoidal travelling waves of the form
h(x, t) = h(u) = h1 sin(ku)
where u = x− vt, are solutions for the capillary wave equation above. [5 marks]
END of QUESTION PAPER
